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Abstract 
Shed, M., The geometry of the binomial array module pz and p3, Discrete Mathematics 92 
(1991) 395-416. 
A geometrical approach to divisibility properties of binomial coefficients has been applied 
recently by several authors. Computer outputs throw light on the structure of Pascal’s array 
modulo primes and prime powers. The geometrical picture gives new meaning to relations 
known before and reveals new properties. In previous work the author treated arrays module 
primes and arrays of binomials divisible by higher power of primes. The aim of the present 
work is to character& the structure of Pascal’s array modulo p* and p3, (where p is some 
prime), especially considering binomials not divisible by p. 
1. PreGnthwies 
Tables 1 and 2 represent computer outputs of the binomial array modulo 3 and 
modulo 7 respectively. Similar outputs have appeared in the literature in the last 
few years, the first ones by Broomhead (1972) [2] and McLean (1974) ]S]. 
Various journals feature articles by authors who apparently independently of 
each other describe such arrays. (Bondarenko (1984) [ 11, Wolfram (1984) [12], 
Lakhtakia (19861987) [5-61, Goetgheluck (1987) [4].) The most striking 
property of these arra,, ‘1~ is their self-similarity, a name coined by Mandeibrot, in 
his work on fructurS [7]. Self-similarity in this case means that the pattern 
observed at the top of the array is repeated in an infinite sequence ot successive 
enlargements. 
Detailed analysis of p-arrays (arrays modulo p), complete with proofs, by the 
present author can be found in [9], ahso in [lo], while the structure of arrays of 
binomials divisible by higher powers of primes is described in a joint paper by the 
author and Pitman [ll]. 
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Table 2 
Binomials mod 7 
:: 1......3......3......1 
11.....33.....33.....11 
:: 1331...32*3...3223. 12  . .363....363....121 
..1331 




30 11.. ..,I.... .66.....4,.. . I 1 
:: 1331...455,. 121....,1,....656....4~4..~.~. 121 
..6,,6...4554...1331 
33 1,641..,1324..63136..123*4..146*1 
3, 15:351.,6556, .62,,26.465564.~5~351 
:: I.... 15161614343434616161613131391616161 
..5......3......3.... 37 11 . . 5 5 3 3 3 ::s55.: . . . ..I11 . . .  . 3 , . . . . . . . . 
38 121.. ..535.. ..363....363....535....121 
39 133,. ..5115. ..3223...3223...5*15...1331 
40 l.b,1..56265..35453..35453..56*55..1,641 
,I 153351 .5,1145 .312213.312213.9,1t45.153351 
:: 16161615~5P5253,3,3,3343,343~~5~~~~,~,~~~~ 
. . . ,, 
:: 
,I,.,....... .666. . . ..l.... .~.~.~6~.,.~.,.,.,.~1,.~.,.~.~.~.~6~.,.~.~.~.~.~1~ 
1331.. 12 1 . . . .‘6 5 6’:::. 1 2 1 ::. .656....121....656....12, 
47 
6,,6...1231,..6,46...1331...6,16...1331 
146,1. .63136 ..1,641..63136..1,641..63136..146,1 
,a153351.624,26.15335~.6~,,~6.~6~~5~.6*,,~6.~6~~6, 
,91616161616161616161616161r16151516151616,6,6~6~6~ 
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A short revision of the results and vocabulary which are needed for the 
present, is given in the following. In Tables 1 and 2, as in all the following tables, 
zero-entries are highlighted by dots, instead of zeros. This immediately shows 
that the array contains triangles featuring residues modulo p of binomials not 
divisible by p, and inverted triangies of various sizes, containing entries which are 
multiples of p. 
The smallest riangles of the array, not containing zero entries, are called cells. 
The principctl cell, at the top of the array, shows residues modulo p of binomials 
(:) where n <p. 
The inverted triangles, containing dot-entries are called zero-holes. Table 3 
shows a p2-array, displaying binomials modulo 9 = 32. The structure of p2 arrays, 
and more generally that of p”-arrays turns out to be more complex than the 
structure of p-arrays, complexity increasing with (Y. Zero-holes of p-arrays 
(Tables 1 and 2) are marked as Z(1, h) zero-holes, while those in p “-arrays, 
which represent arrays of binomials, divisible by p” are of type Z((Y, h). For 
example, the zero-holes showing in the first 50 rows of the array modulo 9 (Table 
3) are of type Z(2, 1) and Z(2,2). The symbol h gives the order of the zero-hole, 
characterising its size, while LY gives its class. 
To gain more insight into the strl-. 1 r&t-e of arrays moduio higner powers of some 
prime, transition arrays are constructed by computer. In a mod pa+ modp”+’ 
transition array only those entries appear in the printout where pa+’ divides (:), 
Table 3 
Binomials mod 9 
398 M. Sued 
Table 4 
Transition mod 34 mod 9 
BIWCWALS DIWSlBLE BP 1 *ND 9 
t 
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or those for which pa II(:) the latter meaning that (:) is divisible by p”, bui not 
by pa+‘. In the first case the zero-entries are represented by dots as usual, while 
in the second case the output shows 
z: =p-f(r) modpa+‘) (1) 
where 
o< t:<p. 
Tables 4 and 5 represent transition arrays. from p = 3 to p2 = 9 and from p = 7 to 
pL 49, respectively. 
The structure of the transition arrays is fully described in [ll]. Here we 
summarize only the notations and results relevant to this paper. 
From the theory of zero-holes developed in [ll] it follows that for the 
binomials represented in the Z(l, 1) zero-holes, p 11 (r), so that in the p2 array 
the Z(l, 1) zero-holes are replaced by arrays of nonzero entries. 
More generally, the Z(cu, 1) zero-holes of the pa array are replaced by similar 
arrays of non-zero entries in the p”+’ array. In the transition arrays the non-zero 
entries of the pQ+l array are reduced by the factor p” as indicated in (1). Arrays 
replacing Z(cu, 1) zero-holes are named zero-kernels. En particular, the first 
zero-kernel of the p +p2 transition array is called principal zero-kernel. 
1 1 
2 in Table 4. 
1 3 5 5 3 1 
4 1 3 1 4 
5 4 4 5 in Table 5 
2 1 2 
3 3 
6 
are principal zero-kernels. 
Similarity of cells and zero-kernels. Illustrated in Tables 1 and 2 and proved in 
[9] is the property that all cells are similar to the principal cell. This means that 
each of the entries of some fixed cell is equal to the corresponding entry of the 
principal cell multiplied by a number (modp), constant for the cell considered. 
In [ll] it is proved that the zero-kernels of the p”+pa+’ array are similar to 
the principal zero-kernel of the p-+p2 array. The special case for the p-p2 
arrays is illustrated in Tables 4 and 5. 
Iaduction by layers. Consider the array of those (:) entries of the p-array where 
n <p2. (This array is called the principal cluster of order 2.) It consists of layers 
where cells alternate with Z( 1, 1) zero-holes, the principal cell forming the first 
layer. Tables 1 and 2 illustrate the fact that the heads of the cells of the layers 
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form again a binomial array modp. This fundamental property of the p arrays 
was proved in [9], but the proof is repeated here, for its principle is repeatedly 
used in analysing arrays. 




Using induction, assume that the heads of some layers are 
where k <p. 
The heads of two neighbouring cells are (t) and (r $ r) where 0 < r G k - 1. 
By the similarity property, each cell is similar to the principal cell. Since the 
extremities of Ge base of the principal cell are equal to 1, the head of the 
principal cell, it follows that the two neighbouring cells considered have (f) and 
(r$ r) respectively at the extremities of their bases. By Pascal’s recursion formula 
Thus the element in the next row forming the head of a cell (provided that 
k + 1 <p), is again a binomial coefficient modulo p. (In the case when k + 1 = p 
hence(~~:)=(,~,)=O(modp), weobtainazero-entryforallO==r<p-1, and 
so arrive to the first row of a 2(1,2) zero-hole.) 0 
Study of transition arrays has led to the transition theorem stated and proved in 
detail in [ll]. Here we summarize those consequences which will be needed in 
what follows. 
The transition theorem settles properties of binomials divisible by some power 
of p. It proves that zero-holes of higher order of the p” array, (i.e. type Z(cu, h) 
where h > 1) split in the modp”+’ array into layers of Z(cy + 1, h - 1) zero-holes 
alternating with clusters; (arrays similar to the clusters of the p-array), while 
Z(a, 1) zero-holes are replaced by zero-kernels similar to the principal zero- 
kernel. The theorem also locates the zero-holes. For the first row of a Z(LY, h) 
zero-hole we have entries (:) where 
n = kph, ‘* 
r=lph+s whereO<l<k, O<scp”, (2) 
and pa-’ 11 k( 4; ‘). 
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The transition theorem does not say anything about binomials (:) where p is 
not a divisor of (:). 
In the sections to follow such binomials will be studied modulo p* and p3. It 
will be shown that replacements of the cel!s of the p-array in the p* and p3 array 
inherit some of the symmetries and so some important conclusions can be drawn 
- for characterising the p* and p3 arrays. 
2. Properties of the principal zero-kernel 
As seen in the previous section, Pascal’s recursion formula provides the link 
between the layers of the binomial array modulo some prime power. The 
divisibility properties of binomials (Z), where n, r are large numbers can be 
inferred by induction, knowing the properties of the initial arrays. For the full 
description of a p-array it s&ices to consider the principal cell. This, together 
with induction, based on Pascal’s recursion formula, determines the whole 
structure. For pm-arrays, where (Y > 1, a detailed study of the properties of the 
principal zero-kernel is also necessary. Since this paper aims at the description of 
p* and p3 arrays, the emphasis will be on properties serving this purpose. We 
begin with a formal definition of the principal zero-kernel. 
Definition, Principal zero-kernel is the set 
[~=~(~:‘)modp*) (O<i<s<p-I}. 
In particular, for the first row of the array, the entries are of the form 
~~=~((~)modp*) where P<s<p-1. 
(3) 
(4) 
We list now the properties needed: 
(a) Symmetry. The rows of the principal zero-kernel are symmetrical: 
t; = t;_,. (? 
This is immediate from the symmetry of the binomial array. Since all 
zero-kernels are similar to the principal zero-kernel (proof omitted here, see 
[ll]), it follows that all zero-kernels are symmetrical. 
(b) The slanting edges of the principal zero-kernel are skew-symmetrical. 
This means in the case of the principal zero-kernel of the mod 74 mod 49 array 
that 
1+6=4+3=5+2=7, i.e. 
6=-l(mod7), 3=-4(mod7), 2=-l(mod7). 
Generally: 
& s _tL+-i p-l (modp), (6) 
for the right edge. 
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Since the left edge is symmetrical to the right one, the skew-symmetry relation 
for the left is seldom used. It can be stated formally as 
d+i = -$:::i (modp). 
It is convenient o express the skew-symmetry relation as a congruence in terms 
of binomials. We write 
It follows again from the similarity of the zero-kernels together with their 
symmetry that both slanting edges of a zero-kernel are skew-symmetric&. 
Proof of skew-symmetry relation 67). Expand the expressions on both sides of 
(7). The denominators are both equal to (p - l)! The numerators on the left and 








Nl,(P-lY i + 1 (modp) and ZV2= -~_~~)~ (modp). 
Hence N, = A$ (modp). Cl 
Properties (a) and (b) of the principal zero-kernel will be sufficient to 
characterize the p2-array. 
For the structure of the p3-array another property will be needed concerning 
the binomial array underlying the principal zero-kernel, modulo p3, (or the 
replacement of the zero-hole following the principal cell in the p3 array). For 
illustration write down the array in question modulo 33 = 27 and 73 = 343 
respectively. 
They are 
3 3 6 (mod27) 
and 
7 21 35 35 21 7 
28 56 70 56 28 
84 126 126 84 (mod 343). 
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the entries along either slanting edge of the larger array we obtaiu the 
686 = 0 (mod 73). 
We note however that 3 + 6 $O(mod27), but it is easy to check that the 
corresponding congruency holds in the mod 53 array. We state now the following. 
Theorem. For p > 3, the sum of the entries along each sianting edge of the array 
replacing in the p3-array the first Z(1, 1) zero-hole of the p-array, is equal to zero. 
In congruence-form : 
~~(~f:)(modp”)=O forp>3. (8) 
Proof. Two iemmas, concerning elementary symmetric functions of residues 
modp are needed. 
Lemma 1 (Wilson’s theorem). All elementary symmetric functions of the nonzero 
residues module p are multiples of p, except for the product (p - l)!, which is 
= - 1 (modp). 
Proof. Consider the equation 
xJ’-’ - 1 = 0 over GF(p). 
It has p - 1 roots, which can be equated with the set of nonzero residues modp. 
The elementary symmetric functions are equal to the coefficients of the 
equation, with alternating signs, hence, except for the product, they are all equal 
to zefro in GF(p), hence the symmetric functions of the residues are multiples of 
p, the exception being 
(p - l)! = -1 (modp). 0 
Note that for p = 3, the equation considered is X* - 1 = 0 over GF(p), and so this 
yields only the results: X, +x2 =O (mod 3) and x1x2 = -1 (mod 3), (which zre 
trivial since x, = 1, x2 = - 1 (modp) are the two nonzero residues). 
Lemma 2. For p > 3 
‘2’ (P - ‘)! ~ 0 (modp2) 
i=l i 
Proof. Write 
s /ii:’ (p - l)!=A 
i=l i ( 
ps (p - I)! + p$ (P - II! 
2i=l i i=l p-i > 
lP--‘p(p - l)! 
=Z,=, i(p-i) * r: 
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To show the congruence modp2, it s&ices to show that 
‘2’ (p - l)! E 0 (modp) 
i=* i(p - i) ’ 
and since (p - l)! = -1 (modp), this is equivalent o 
‘2 : = 0 (modp). 
i=l 1 
We may write CfZ: i2 instead of the above sum, since the set of reciprocals of 
the quadratic residues gives the set of the quadratic residues. 
Now 
By Lemma 1 each term on the right hand side is =O (modp) when p > 3. This 
concludes the proof. 0 
Proof of (8). Consider the sum 
By a well-known binomial identity the sum above is ($1:). 
To show that for p > 3 
= 0 (modp3), 
look at the expansion 
(2p - 1)(2p - 2) - * ’ (p -t 1) 
(p-l)! . 
In the numerator ZV, consider only the terms where the exponent of p is less 
than 3. Then 
N=4p2 2 CP - 1x 
Izsi<jSp-1 ij 
- 2p 2 (’ - ‘)! + (p - l)! (modp3). 
lsisp-I i 
The coefficient of p2 of the first term on the right hand side is =O (modp) by 
Lemma 1, and the coefficient of p in the second term is =O (mod p’) by Lemma 2, 
hence 
N = (p - l)! = -1 (modp3) 
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and so 
= 1 (modp3), 
hence 
3. The p2-array 
Table 6 presents a modified half-table of binomial coefficients modulo 49. To 
emphasise cell-replacements in the p*-array, entries (:) (modp*) where p 1 (T) are 
blocked out. Only r S [n/2] entries are shown, since the missing half is the mirror 
image of the half-array shown. 
Looking at the array, it becomes evident that the replacements of the cells of 
the p-array in the p*-array are not similar to the principal array. However, a 
closer look reveals that the boundaries of each cell, that is, each slanting edge and 
base are symmetrical. We make this observation into a conjecture and write it 
Table 6 

































_ _ _ 
1 510 
1 6 15 20 
I_________ 
1 9_________ 
1 9 35______ 
1 10 13 22------ 
3 11 6 12 36--- 
1 12 17 2, 5 8--- 
1 13 29 ,I 29 13 1 
3__________________ 2 
3 13_______________ 1, 
1 16 221___________ 23 32 
1 1, 38 ,3--------- 4, 6 
1 12 6 32 22------ 23 1 I2 
1 I,9 2, 38 5 IS--- 16 2, 13 
1 20 ,3 13 ,3 20 3 2 10 37 26 
1____________-_____ 3_______-- 
l 22__.____________ 2, ,3_________ 
123 &__________- 10 22 I,_----- 
12, 31 I$.--------- 3, 30 37 31------ 
125 6 56 9------ 10 17 I9 19 I,--- 
1 26 31 3 3 22--- 2, 9 16 37 36 ,s--- 
1 27 8 3, 8 27 1 3 32 2, I 2, 32 3 
1__________________ ,_________________- 6 
1 29_______________ 32 39______________- ,I 
1 30 ,3-___________ ,6 22 32------------ 3, 33 
1 31 2, 36--------- 39 19 5 II--------- 13 18 
1 32 6 11 ,3------ 16 9 2, 16 3i----- 3, 31 36 
133 39 1, 5 29--- 32 6 33 ,D I9 39--- ,1 16 18 
1 3, 22 6 22 3, 1 I 38 39 2, 39 38 I 6 8 3, 36 
1__________________ +_________________ ~&______-_ 
1 36_______________ ,o ,p_______ _______ 3 2, _-__ ----- 
1 3, 29____________ 33 39 19___________- 2, 2, 31------ 
1 33 1, 9_________ ,2 22 9 33_________ 32 2 9 3------ 
1 39 6 25 29------ 33 3, 30 ,1 19------ 2, IO 11 12 31--- 
1 10 IS il s 36-- 10 18 15 22 11 ,7--- 3 15 2 23 t3 2,--- 
1 ,i 36 27 36 ,I 1 5 9 33 37 33 9 5 10 18 n 25 17 18 10 
1__________________ ,__________________ ~3_____________----- 20 
1 ,3_______________ ,* 2&_________---__ 29 ,3_----_--------- ,9 
1 ,, 15____________ 20 19 27_______-_--- 36 23 3----_------- 13 17 
1 ,3 12 29_________ 3, 39 ,, ,&_-______ 3 10 31 I--_------ 6 11 
I 45 6 39 IS------ 20 2, 35 ,5 27------ 36 19 ,I 32 8------ 13 17 22 
I I’) 3 15 3 ,3--- ,9 ,I 11 32 23 m--- 29 5 10 2, ,o ,3--- 48 30 39 
I9 1 18 1 13 1 6 0 6 43 6 13 6 ‘Is 3, 15 3, IS 3, 15 20 29 20 29 
. . . , . . ..- . . . . . .--- . . . . . .--- . . . 
406 M. Sued 
down in the form of three congruences: 
(i) (zpr!) = (~~~~_~_~) (modp’) (right slanting edge). 
(ii) (“4,’ i> = ((’ + ‘)c- ’ - ‘) (mod #) (left slanting 
(iii) ( 
(k + 1)p - 1‘1 
rp + i ) = ((:t l)F_ y! 1) (mod p2) (base) 
edge). 
where O<i<p and OsIsk. 
These congruences can be proved algebraically and Jane Pitman has proved all 
three. However, we aim here at a short ‘structural’ proof, using properties of the 
principal zero-kernel. 
Proof of congruences (i), (ii) and (iii). (i) On Fig. 1 the shaded triangle 
represents the cell-replacement considered, and the inverted triangle on its right 
represents either a zero-hole, or part of a larger zero-hole of the p2-array, or a 
zero-kernel (entries multiplied by p). 
Suppose that the head of the cell-replacement is h, and the entries of the blank 
triangle are zeros. Then by the Pascal recursion formula the entry along the 
slanting edge of the cell-replacement in the row following the head is h + 0 = h, 
and we may continue in a similar manner for the following rows, hence all the 
entries along the slanting edge of the cell-replacement are equal to the head. This 
gives a special case of symmetry. 
Suppose next that the blank triangle represents a zero-kernel, which is known 
to be similar to the principal zero-kernel, hence its slanting edges are skew 
symmetrical, as proved for the principal zero-kernel. Next we assume that p > 2, 
hence p = 2j + 1. The cell-replacement has 2j + 1 rows and denote by rm the entry 
in the middle, in the (j + 1)th row. The zero-kernc! next to it has p - 1 = 2j rows, 
and by skew-symmetry of the slanting edge we may denote the entries along the 
edge neighbouring the cell-replacement by (see Fig. 2) zI, z,, . . . , q, -tj, . . . , 
-z2, -zl, the entry next to m being the (j + l)th, hence equal to -Zj. Using the 
Pascal recursion formula, we 





obtai: for the entries below m along the slanting 
. * . ) m - f: zi. 
i=l 
Fig. 1. Fig. 2. 
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For getting the entries above PPO along the slanting edge, we have to subrrucl in 
order the entries along the slanting edge of the zero-kernel, hence we obtain 
again 
i 
m_Zj, m-Zj-Zj-I,... ,m-Czi. 
i=l 
This proves the symmetry for the right slanting edpt (i). 
The left slanting edge of the cell-replacement IS not generally symmetrical to 
the right slanting edge. However, the whole binomial array being symmetrical, 
we can find the mirror image of the given cell-replacement where the image of the 
given left slanting edge becomes a right slanting edge, hence (ii) follows from (i). 
(iii) From (i) and (ii) it follows that the entries at both extremities of the base 
are equal to the head h. We consider the case when the row under the base 
belongs to a zero-kernel, because we use in our argument the symmetry of the 
zero-kernel, and that certainly holds for rows of zero-holes. As Fig. 3 shows, the 
entries of the first row of the zero-kernel are zlzz - - - z2zl by symmetry. Thus 
from the recursion formula, we obtain the entries along the base by subtraction, 
obtaining 
h-zl,h-zl-z2,... 
whether we proceed from the right or from the left. This proves (iii). Cl 
The case p2 = 4 was excluded in the above proof. Here the zero-kernels consist 





so the congruences are not generaiiy valid. 
We may now deduce from the congruences (i), (ii) and (iii) for p > 2 
( 1 kp 3 ( (k+llp-1 = 1 ( (k+W-1 lP 1P - 1 
(modP2) 
(f+l)p-1 - 
Congruence (9) expresses the fact that in the p2-array the three ‘corners’ of the 
cell-replacement are equal, that is the two extremities of the base are equal to the 
head. 
From this relation we can deduce by the same reasoning as was applied for the 
p-array that the heads of the cell-replacements are again the binomial coefticients. 
Fig. 3. 
408 M. Sued 
Fig. 4. 
More precisely, the congruence 9 can be completed to 
( (k + 1)p - 1 lp = > ( ~~~~~~) s(z) = (F) (modp2). (10) 
Note, The relation (10) has been proved for cell-replacements. However, it holds 
also generally for arrays arising out of the split of zero-holes. The diagram 
below shows how a Z(1, h) zero-hole splits in the p2-array. The shaded triangles 
represent cells or clusters similar to the cells of the p-array, hence they are 
symmetrical, implying relations (9) and hence (10) (see [ll]). So the ‘cancelling’ 
relation 
(z) G(f) (modp2) 
is proved for p > 2. When p = 2, the cancelling relation is still valid, though the 
congruences (10) do not generally hold. The situation is shown in the Fig. 4 
(assuming that the zero-kernel is the p2-array has the entry 2). 
4. Arrays modulo p3 
Table 7 represents cell-replacements in the half-array modulo 343. As in Table 
7, entries where 7 divides (:), are suppressed. In this table the cell-replacements 
do not show symmetry of boundaries. However, it appears that the three corners 
of the ce!l-replacements are equal as in the p2-array. This suggests that 
congruence (iti) can take the stronger form: 
( (k + 1)p - 1 > ( = (k + UP - 1 lP - ,,+,,_,)~(~~)-(:)(modP’). (11) 
In Table 8 the cell-replacements are suppressed, and the zero-kernel replace- 
ments modulo 343, divided by 7, are exhibited. This shows that the zero-kernel 
replacements in the p”-array are not similar to the principal zero-kernel, and they 
do not show symmetry. Thus the proof of (10) cannot be adapted for the stronger 
congruence (11). However a look at the slanting edges of the zero-hole 
replacements leads to the conjecture that congruence (8) which was proved in 
Section 2 for the slanting edges of the replacement of the principal zero-kernel in 
the p”-array can be extended to the other replacements considered. Indeed, 
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1510 
1 6 15 20 
I-________ 
1 8-________ 
1 g j&_____ 
1 10 15*20------ 
1 11 55*65’3C--- 
1 12 66-20*52. 6--- 




1 1,.3<.,,_________.(0. 0 
1 18.53.3(1.16------.66.9~.5, 
1 19*71*83- 3. g---.10.*2.11 
120*90*11 a 69 1 2 89.33‘22 
~__________________ 3_________ 
1 22~-------------- 7) g(_________ 
1 ~j.j)____________.55.~,.~~______ 
124.76. g------_-_ 1, ,g.j1.25______ 
1 25. 0.12. *------.5, 96 6,.1j.l:___ 
126*25’99* 1*67---*69-53’63 37 w-92--- 
1 27 6’81 57*25 1 3.79 73’ o-22-77 3 
I-_--______________ g-_________________ 6 
12g_______________.3~‘86_______________*g~ 
1 jo )~____________ gj.16.,,-___________.~g*~g 
j 31.22 j~_________.3, 68.5,j. ,_________. 7-65 
1 32.jj.5@.gg______.gO. j.1~*1(*~~______.ig.ig.jg 
1 33-85*11* 3*23---*x* 2-80 99‘Ct*eC---~B6 E-:6 
134’18*53 11 93 1 1*95 39.69 88’93 4 6 R-81*32 
I__________________ j__________________ 10_________ 
1 3j_______________ ~g.g,_______________.g, 2(_________ 
I ~,.~3____________.~).~~.~g____________.~g.~~.~,______ 
1 38 1,. Q-________.5i.6,. ,.g(1-----_-__.~,.~,. 5 j______ 
1 39 55.21~74------.3i.81.~9 41*64------*18*87* 9. 8.79~-- 
1 40 94.76.52.3(---*38-1*. 9.69s 5*94---*99’62*96*17 0*2*--- 
141*34 ?I 85.86 1 5. 7'78'35.31*56 5 10 18*15*70 17.55 10 
~__________________ j________________-_ 1j__________________ 20 
1 ~5_______________~9j.~~____________---~~~ ~~_______________~9j 
1 ~(.6rJ____________.j5 j~.,2______-_----.~~.~9. a_-----_---_-. 9 4) 
1 45. ~.2,_________ 5(.35.4~.95___------.5~.5, ~~.9,--------- 6.56 
1 I6 6 98*60------*16 24.x7.92*23------ 85 67.37*77 u------*58*62*69 
1 17 52 91 5 ,a--- 48*40 11.79 72*1j---*25*52* 4.71.85 9*--- 97.77 88 
I 48 99'46 99 49 1 6*88*51*90*51*88 6 15 11*13*3**13 34 15 20*71*j5*7j 
the verification that the sums of 
inverted triangles are all equal to 
congruence (11). 
the entries along the slanting edges of those 
zero modulo p3, leads directly to the proof of 
Theorem. For all primes p > 3, the following congruences hold: 
( (k + 1)p - 1 > ( ~ (k+llP-1 lP ,,,,,_,,-(~~~~(:)(modP”). 
Proof. We begin by locating the Z(1, 1) zero-holes (and their replacements in the 
p3-array) by applying the Transition Theorem of Section 1. 
From relation (2) it follows that the (:) entries of the first row of a Z( 1, 1) 
array satisfy 
n =kp, 
fpcrc(I+ l)p, I 
whereOcf<k 
and p does not divide k(‘+‘,; ‘). 
To outline the proof we refer to the diagram Fig. 5. The shaded triangles ARC 
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Table 8 
Transition mod 7-mod 343 
3 16 10 46 16 JO 43 22 13 
33 2, 26 10 13 32 16 36 
6 5 15 23 15 40 
(6 ,5 20 19 ,I 
co 16 11 
11 22 
I 5 27 3, 26 I6 26 36 39 P6 6 ,o 
9 32 12 11 I, 13 26 36 (6 5 
41 39 13 ,, 23 6 ,I I 
36 29 3 505 I.9 
5 17 9 1 
3 9 
5 36 4 32 22 12 2’1 32 II 2 4 41 2 27 10 
,I IO 36 5 3, 10 27 46 6 15 29 37 20 
32 27 ,, 39 31 2, 3 2 17 6 
10 19 31 ,227 5 25 16 
29 1 39 3t I1 
30 22 33 
6 25 23 16 I 41 I6 6 10 36 ,I 23 , 19 6 01 26 25 
31 I6 39 20 15 22 16 46 30 15 23 25 I7 16 2 
30 36 10 16 36 15 29 I5 I6 23 16 20 
19 48 26 , I, 25 22 39 36 
16 25 I, 20 12 26 
43 19 38 
and KLM represent he replacements of the first Z(1, 1) zero-hole and a general 
Z(1, 1) array respectively in the p3-array. 
By congruence (8), the entries along edge BC add to zero modulo p”. We wish 
to prove the same for the entries along LM. 
Step 1. Exprc:;: the sum of binomials along LM in terms of binomials (‘:) in the 
row-segment directly above KL, where n = kp - 1 and lp <s < (I + l)p, and 
apply the result for k = 1, I = 0, that is, the row above AB. 
Fig. 5. 
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Step 2. Using the similarity of zero-kernels in the p2 array, compute the 
(k”[l) m;ldp2 entries from the (“5) entries, and compare with (Pi ‘) modp2 
eutries. Evaluate the sums of entries along LM. 
Step 3. Use induction on k to establish result. 
Step 1. TQ compare the sum of the coefficients along a slanting edge with 
coefficients of a row above apply the binomial identity 
(13) 
(Proof of (13) will be given as an appendix after the proof of the main theorem.) 
Set m =p, n = kp - 1, r = (I + 1)p - 1 in (13) to obtain 
where the left-hand side represents the sum of entries along LM, with the entry 
((,t’&!_ r) added to the sum. To obtain a more transparent form, set i = j - 2 on 
the left, and s =p -j on the right: 
p-1 
C( i I - , 
For k = 1 and I = 0 the equation (14) becomes 
(14) 
(15) 
Step 2. For brevity denote by zI , z2, . . . , z~_~ the entries (7) modp’, 
(3) modp2, . . ., (p !t ,) modp2. Then the corresponding entries in the p” array 
along row KL are czIt cz2, o . . , CZ~_~ where c is a constant, depending on k and I. 
We also use brief notations for the entries in the rows above Af? and KL 
respectively. 
Let 




kp - 1 
b,,-, = (/+ l)/, _ I 
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b,_,+b,=cz, where l~ssp-1. 
Multiply each equation by (- l)‘- ’ to obtain 
(-1)i-‘(I+_, + bi) = (-1)‘~‘cz;. 




6, = (-1r60 + C 2 (-lr+‘Zi 
where 
i=l 
Similarly, for the uO, . . . , q, . . . , c-+,_~ set we obtain 
a, = (-1)” + i (-1)““Z; 
i=l 
whence 
i (-l)“+‘%i =U,v + (-l)“-‘. 
i=l 
Substituting into b,, we obtain the required comparison: 
b,=(-l)“b,,+ca,+c(-1)“~‘=(-l)“A+ca, (16) 
where A = b. - c, hence a constant. 
Let Sckj = CfZ; ( (,+“‘;fl 1) and SC,, = Cf$ (Lf I) represent the sums of bino- 
mials along LM and BC rcspectiveiy. Equation (14) can be written as 
(17) 
Since (%Tj)=b, (modp’) and p 1 (f) we see that the right-hand side of the 
Equation (17) is = Cf:,’ b,?(T) (modp3) and so the same holds for the left-hand 
side. 
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Using (16), Cf:: b,($) becomes 
by the definition of qF, and the fact that Cf:: (-l)“(f) = 0. 
By (15) and (8) 
T (” i ‘)(:)-O(modp”) 
s=: 
hence 
and by (17) 
Step 3. By repeated application of Pascal’s recursion formula, we have that the 
entry at Q belonging to the cell-replacement PQR is equal to the entry at P 
(modp”), provided that the sum S,,, of the entries along the slanting edge LM is 
0 (modp”). Using (18) this will now be proved by induction on k. 
By Equation (8), SC,, the sum of entries along the edge BC is 0 modulop”. 
Hence it follows that entries at D and E in the cell-replacement neighbouring 
VA BC are equal, hence 
(“,‘)-(iI:)-1(modp’). 
and by symmetry it follows then that for 0 d I c 1, 
Thus by (18), S,,, = 0, for all Z( 1, 1) replacements for k = 2. Assume now that for 
some k and for all 1 where 0 s I G k - 1, the congruence 
is valid. 
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From (18) it follows then that 
Stkj = 0 (mod p3) 
forallCwhere0<16k-1. 
Consider now the head P of the cell-replacement P&R. It is 
mod p3. 
and so for the entry at Q we have 
( (k + 1)~ -1 ~ k~ lP > ( > lp (modp3), 
since 
Sckj = 0 (mod p”). 
For the entry at R, we have to consider P’Q’R’, the mirror-image of PQR in 
the binomial array, where the entry P’ is equal to the entry P, and P’R’ is a right 




This completes the induction establishing that Stk, = 0 (modp3) for all k. 
Moreover we may apply to the heads of the cell-replacements the inductive 
reasoning used for the p and p2 arrays to establish that 
(2) = (;) (mdIp3). 
This completes the proof. Cl 
Note 1. Although the tables represent only 
generaliy valid for all triangles with heads 
cell-replacements, congruence (11) is 
($L) (modp3). They may be parts of 
zero-holes, or arrays neighbouring zero-kernels, in which cases the congruences 
established are trivial. 
Note 2. The results can be extended to arrays within Z(cv, h) zero-holes where 
h > 1. They form clusters similar to the clusters of the p-array, so congruences 
can be deduced modulo pat2 and P*+~. Generally, however, no regularities are 
evident in cell-replacements modulo pa where (Y > 3. 
Proof of binomial identity (13). Consider an ordered set of n + m elements, and 
count all subsets of r + 1 elements, where the element of highest order comes out 
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of the set m. Assuming that the element labelled j within the higher ordered set is 
the top of the selection. 
II 
1 2.0 .n 1” 2s..j...m 
Then there are (” +!-I ) ways of selecting the remaining r elements. Since j can 
take values 1 to m, the total number of selections is 
m m+j-1 EC j=l > r * 
On the other hand, suppose that j elements come from the higher set. Then the 
remaining r + 1 -j come from the lower one, so the number of selections is 
(T)(r+:-i), where j again takes values from 1 to m. Hence 
qn+;-‘)=/g(y)(r+;_i). 
j=l 
(Alternatively we can have 
since in the arrangements created those where all r + 1 choices come from the 
lower set are excluded.) 
5. Previous results on the p3-array 
The congruences proved are generalisations of results by Wolstenholme: for 
p >3: 
= 1 (modp3) 
and more generally: 
(:I,‘)-(“,‘)=l(modp3), 
= (k - 1) (modp3) (?) (19) 
by Guerin. 
These are quoted by Comtet in [3], presumably taken from Dickson’s survey, 
but the second result is a misprint or an error. The result should be (k ; ‘) instead 
of k ‘- 1. 
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